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Abstract
We study singularity categories through Gorenstein objects in triangulated categories and
silting theory. Let ω be a semi-selforthogonal (or presilting) subcategory of a triangulated
category T . We introduce the notion of ω-Gorenstein objects, which is far extended version of
Gorenstein projective modules and Gorenstein injective modules in triangulated categories.
We prove that the stable category Gω, where Gω is the subcategory of all ω-Gorenstein
objects, is a triangulated category and it is, under some conditions, triangle equivalent to
the relative singularity category of T with respect to ω. As applications, we obtain the
following characterizations of singularity categories which partially extend classic results
(usually in the context of Gorenstein rings) to some more general settings. (1) For a ring R
of finite Gorenstein global dimension, there are triangle equivalences between GP (the stable
category of Gorenstein projective modules), GI (the stable category of Gorenstein injective
modules), GAddM (where M is any big silting complex in D
bpModRq) and the big singularity
category DSgpRq. (2) For a left coherent ring R of finite Gorenstein global dimension, there
are triangle equivalences between Gp (the stable category of finitely generated Gorenstein
projective modules), GM (where M is any silting complex in D
bpRq) and the singularity
category DsgpRq.
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Keywords: Gorenstein object, silting complex, singualrity category, triangulated category
1 Introduction
Singularity categories (with another name stable derived categories [K]) are important in the
study of varieties and rings of infinite global dimension. For an algebraic variety X, the singular-
ity category is given by a Verdier’s quotient triangulated category DsgpXq :“ D
bpcohXq{perfX,
where DbpcohXq is bounded derived category of coherent sheaves on X and perfX is its full
subcategory of perfect complexes [O]. Note that DsgpXq “ 0 if and only if X is smooth. In
the study of representation theory of algebras, singularity categories are defined as the Verdier’s
quotient triangulated categories DsgpRq :“ D
bpRq{KbpPq, where DbpRq is the bounded derived
category of finitely presented modules over a (left) coherent ring R and KbpPq is the bounded
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homotopy category of finitely generated projective R-modules [Bu, C]. Note that the singularity
category DsgpRq is 0 if and only if R has finite global dimension.
Similar quotient triangulated categories were also studied by several people, such asDSgpRq :“
DbpModRq{KbpProjq [Be1], DbpModRq{KbpInjq [Be1], DbpRq{KbpIq [H2], DbpRq{KbpaddT q [CZ],
where ModR (Proj, Inj, I, resp.) denotes over a ring R the category of all (projective, injective,
finitely generated injective, resp.) R-modules. In [C], a more general notion of relative singular-
ity categories DωpAq :“ D
bpAq{Kbpωq was prompted, where A is an abelian category and ω is
a selforthogonal additive subcategory of A. The notion unified the previous variant singularity
categories.
Note that Gorenstein projective modules (or Cohen-Macauley objects) and Gorenstein in-
jective modules over Gorenstein rings play important roles in the study of the above relative
singularity categories [Be1, Bu, H2, C], etc. The theory of such Gorenstein modules stems from
Auslander’s notion of modules of G-dimension zero [AB] and later were extensively studied and
developed by Avramov-Foxby [AF], Buchwitz [Bu], Enochs-Jenda [EJ], etc. and their schools
in variant ways. It is known that Gorenstein global dimension of a ring is well-defined, and it
coincides with the supersum of all Gorenstein projective dimensions of modules as well as the su-
persum of all Gorenstein injective dimensions of modules [Be1, BM]. An important class of rings
with finite Gorenstein global dimension are Gorenstein rings, that is, left and right noetherian
rings with finite left and right self-injective dimensions. However, there are also non-noetherian
rings with finite Gorenstein global dimension [MT].
In this paper, we aim to study singularity categories through silting theory. Recall that
silting theory was first introduced by Keller and Vossieck [KV] and then recognized by Aihara
and Iyama [AI] from the point of mutations and by the auther [W2] (with the name semi-
tilting complexes) from the point of compare between tilting complexes and tilting modules. In
particular, from the point of [W2], it is reasonable to say that the role that silting complexes
play in derived categories is similar as that tilting modules play in module categories, while
the role that tilting complexes play in derived categories is that progenerators play in module
categories.
The paper is organized as follows. After the introduction, we present in Section 2 a new ex-
tension of Gorenstein objects in triangulated categories from the point of tilting theory (compare
[AS]) and introduce the relative singularity category Tω for a triangulated category T with a
semi-selforthogonal subcategory ω, by employing methods and techniques in the study of silting
theory in triangulated categories [W2]. This generalizes the above-mentioned variant singularity
categories.
The following is our main result which characterizes the relative singularity category Tω as
the stable category of ω-Gorenstein objects in T under some conditions, see Theorem 2.7 for
details.
Theorem A Let T be a triangulated category and ω be a semi-selforthogonal sub-
category of T . If T “ xωX y “ xXωy, then there is a triangle equivalence between Gω
and the relative singularity Tω.
Applications of Theorem A are given in Section 3, where we obtain the following results
which extend classical results [Be1, Bu, C], etc. to more general settings (Theorem B (2)) and
provide characterizations of singularity categories in terms of silting complexes, see Section 3 for
details. Readers who are interesting in algebraic geometry could deduce some other corollaries.
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Theorem B (1) Let R be a ring with finite Gorenstein global dimension. Then
there are triangle equivalences between the following triangulated categories.
(i) GP (the stable category of Gorenstein projective modules),
(ii) GI (the stable category of Gorenstein injective modules),
(iii) GAddM (the stable category of (AddM)-Gorenstein objects in D
bpModRq,
where M is any big silting complex in DbpModRq) and,
(iv) DSgpRq (the big singularity category D
bpModRq{KbpProjq).
(2) Let R be a left coherent ring with finite Gorenstein global dimension. Then there
are triangle equivalences between the following triangulated categories.
(i) Gp (the stable category of finitely generated Gorenstein projective modules),
(ii) GM (the stable category of (addM)-Gorenstein objects in D
bpRq, where M is
any silting complex in DbpRq) and,
(iii) DsgpRq (the singularity category D
bpRq{KbpPq).
Complexes in the paper are always cochain ones and subcategories are always full. We denote
by fg : LÑ N the composition of two homomorphism f : LÑM and g :M Ñ N . For simple,
we use HomDp´,´q instead of HomDbpModRqp´,´q.
For basic knowledge on triangulated categories, derived categories and the tilting theory, we
refer to [H1].
2 Main results
Let T be a triangulated category with the associated shift functor [1].
Let C be a subcategory in T . Similarly as the notions in [AR], we denote pC to be the class
of all objects T satisfying that there are triangles Ti`1 Ñ Ci Ñ Ti Ñ for some r ě 0 and all
0 ď i ď r, such that T0 “ T and Tr`1 “ 0, Ci P C for each i. Dually, we denote qC to be the
class of all objects T satisfying that there are triangles Ti Ñ Ci Ñ Ti`1 Ñ for some r ě 0 and
all 0 ď i ď r, such that T0 “ T and Tr`1 “ 0, Ci P C for each i. As usual, we denote by xCy to
be the smallest triangulated subcategory containing C.
Let C be a subcategory containing 0. The subcategory C is extension-closed if for any triangle
U Ñ V Ñ W Ñ with U,W P C, it holds that V P C. It is resolving (resp., coresolving) if it is
further closed under the functor r´1s (resp., r1s). Note that C is resolving (resp., coresolving)
if and only if, for any triangle U Ñ V Ñ W Ñ (resp., W Ñ V Ñ U Ñ) in T with W P C, one
has that “ U P C ô V P C ”.
The following result is useful.
Lemma 2.1 Let C be a subcategory of T containing 0. Denote that Cr´s “ tX P T | X » Crns
for some C P C and some n ď 0u. The notion Cr`s is defined dually.
p1q If C is resolving, then xCy “ Cr`s “ pC.
p2q If C is coresolving, then xCy “ Cr´s “ qC.
Proof. (1) We firstly prove that xCy “ Cr`s and then prove that they coincide with pC.
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Clearly C Ď Cr`s Ď xCy by the definitions. It is easy to see that Cr`s is closed under r1s, r´1s.
Now, take any triangle X Ñ Y Ñ Z Ñ with X,Z P Cr`s. Note that there is some integer n
such that X,Z P Crns, i.e., Xr´ns, Zr´ns P C. If n ď 0, we already have that Y P C Ď Cr`s
since C is resolving. If n ą 0, then we have the triangle Xr´ns Ñ Y r´ns Ñ Zr´ns Ñ. But
Xr´ns, Zr´ns P C implies that Y r´ns P C since C is closed under extensions. It follows that
Y “ pY r´nsqrns P Cr`s. Altogether we obtain that Cr`s is a triangulated subcategory of T .
Then we see that xCy “ Cr`s.
It is obvious that pC Ď xCy. On the other hand, take any X “ Crns for some C P C. If n ď 0,
we already have that X P C Ď pC, since C is resolving. Otherwise, n ą 0 and since 0 P C, we
easily obtain X “ Crns P qC. Then we conclude that xCy “ Cr`s “ qC by the definition.
(2) The proof is dual to (1). l
A subcategory ω Ď T is semi-selforthogonal (selforthogonal resp.) if HomT pM,M
1risq “ 0
for all M,M 1 P ω and i ą 0 (i ‰ 0, resp.). As examples, the subcategory of projective modules
over a ring R is selforthogonal in the derived category DbpModRq, as well as the subcategory
of injective modules. Clearly, ωris is also semi-selforthogonal for any integer i, in case ω is
semi-selforthogonal. To distinguish, we call an object M P T semi-selforthogonal (product-
semi-selforthogonal, coproduct-semi-selforthogonal, resp.) if the subcategory tMu (tMX | X is
an index setu, tM pXq | X is an index setu, resp.) is semi-selforthogonal. Similarly, one also
have notions of selforthogonal, product-selforthogonal, coproduct-selforthogonal objects. We note
that semi-selforthogonal subcategories (objects, resp.) are also called presilting subcategories
(objects, resp.) in some papers.
From now on, we fix ω to be semi-selforthogonal. If ω “ tMu, we often replace ω with M in
the correspondent notions.
As usual, we denote by Kω the class of all objects N such that HomT pN,ωrisq “ 0 for all
i ą 0 and by ωK the class of all objects N such that HomT pω,N risq “ 0 for all i ą 0. Also we
usually denote by addω the class of all direct summands of finite direct sums of copies of objects
in ω. Obviously, addω Ď Kω
Ş
ωK holds in our setting.
We define the Auslander class associated to ω, denoted by Xω, to be the class of all objects T
satisfying that there are triangles Ti ÑMi Ñ Ti`1 Ñ for all i ě 0, such that T0 “ T ,Mi P addω
and Ti P
Kω, for each i ě 0. The notion of the Auslander class follows from [AR, Section 5],
where it was defined for a selforthogonal subcategory of modules ω. We have a dual notion
called co-Auslander class associated to ω, denoted by ωX , consisting of all objects T satisfying
that there are triangles Ti`1 Ñ Mi Ñ Ti Ñ for all i ě 0, such that T0 “ T , Mi P addω and
Ti P ω
K, for each i ě 0.
The following result collects some basic properties on subcategories associated with the semi-
selforthogonal subcategory ω.
Lemma 2.2 Let ω be semi-selforthogonal. Then
p1q ~addω Ď Xω Ď Kω and all three classes are closed under taking extensions, r´1s, direct
summands and finite direct sums, i.e., they are resolving.
p2q zaddω Ď ωX Ď ωK and all three classes are closed under taking extensions, r1s, direct
summands and finite direct sums, i.e., they are coresolving.
p3q For any X P |ωX , there are triangles U Ñ V Ñ X Ñ and X Ñ U 1 Ñ V 1 Ñ with
U,U 1 P ωX and V, V
1 P~addω.
4
p4q For any X P xXω, there are triangles X Ñ V Ñ U Ñ and V 1 Ñ U 1 Ñ X Ñ with
U,U 1 P Xω and V, V
1 Pzaddω.
Proof. (1) and (2). These two results were already proved in [W2, Section 2] in case ω “ AddM
for a coproduct-semi-selforthogonal object M . Their proofs can be transferred completely.
(3) By imitating the proofs of [W2, Lemma 2.7 and Corollary 2.8], we obtain that the first
triangle exists, i.e., for any X P |ωX , there is a triangle U Ñ V Ñ X Ñ with U P ωX and
V P~addω. Note that there is a triangle V ÑMV Ñ V 1 Ñ with MV P addω and V 1 P~addω, as
V P~addω. Thus, we have the following commutative diagram of triangles.
❄ ❄
V 1 V 1
❄ ❄
U ✲ MV ✲ U 1 ✲
❄ ❄
U ✲ V ✲ X ✲
Since U,MV P ωX and ωX is coresolving by (2), we see that U
1 P ωX too. It follows that the
right column is just the second desired triangle in (3).
(4) The proof can be obtained by the dual statement of the proof of (3). l
For later use, we include the following lemma.
Lemma 2.3 Let ω Ď T be semi-selforthogonal. Then
p1q For a triangle T Ñ T 1 Ñ T 2 Ñ in |ωX , there is the following commutative diagram of
triangles, where UT , UT 1 , UT 2 P ωX and VT , VT 1 , VT 2 P~addω.
❄ ❄ ❄
T ✲ T 1 ✲ T 2 ✲
❄ ❄ ❄
VT ✲ VT 1 ✲ VT 2 ✲
❄ ❄ ❄
UT ✲ UT 1 ✲ UT 2 ✲
p2q For a triangle T Ñ T 1 Ñ T 2 Ñ in xωX , there is the following commutative diagram of
triangles, where YT , YT 1 , YT 2 P Xω and XT ,XT 1 ,XT 2 Pzaddω.
❄ ❄ ❄
T ✲ T 1 ✲ T 2 ✲
❄ ❄ ❄
YT ✲ YT 1 ✲ YT 2 ✲
❄ ❄ ❄
XT ✲ XT 1 ✲ XT 2 ✲
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Proof. (1) Let UT Ñ VT Ñ T Ñ and UT 2 Ñ VT 2 Ñ T
2 Ñ with UT , UT 2 P ωX and VT , VT 2 P
~addω be triangles given by Lemma 2.2(3). Consider the following diagram.
❄ ❄ ❄ ❄
T 2r´1s ✲ T ✲ T 1 ✲ T 2 ✲
❄ ❄ ❄ ❄
VT 2r´1s
f
99K VT 99K VT 1 99K VT 2 ✲
❄ ❄ ❄ ❄
UT 2r´1s 99K UT 99K UT 1 99K UT 2 ✲
Note that HomT pVT 2r´1s, UT r1sq “ 0 as VT 2 P ~addω and UT P ωX , so there is a homomor-
phism f : VT 2r´1s Ñ VT such that the lower left square of the diagram commutates. Then we
can easily complete it to be a commutative diagram of triangles for some UT 1 and VT 1 . Since
both~addω and UT P ωX are extension-closed, we have that VT 1 P~addω and UT 1 P ωX , as desired.
(2) Let XT Ñ YT Ñ T Ñ and XT 2 Ñ YT 2 Ñ T
2 Ñ with YT , YT 2 P Xω and XT ,XT 2 Pzaddω,
given for T, T 2 by Lemma 2.2(4). Consider the following diagram.
❄ ❄ ❄ ❄
T 2r´1s ✲ T ✲ T 1 ✲ T 2 ✲
❄ ❄ ❄ ❄
YT 2r´1s
f
99K YT 99K YT 1 99K YT 2 ✲
❄ ❄ ❄ ❄
XT 2r´1s 99K XT 99K XT 1 99K XT 2 ✲
Note that HomT pYT 2r´1s,XT r1sq “ 0 as XT Pzaddω and YT 2 P ωX , so there is a homomor-
phism f : YT 2r´1s Ñ YT such that the lower left square of the diagram commutates. Then we
can easily complete it to be a commutative diagram of triangles for some XT 1 and YT 1. Since
both zaddω and Xω are extension-closed, we have that XT 1 Pzaddω and YT 1 P ωX , as desired. l
Following the idea in [W1], we introduce the following notion in triangulated categories.
Definition 2.4 Let T be a triangulated category and ω Ď T be semi-selforthogonal. An object
G is called ω-Gorenstein if G P ωX
Ş
Xω.
The subcategory of all ω-Gorenstein objects is denoted by Gω in the following. Hence,
Gω “ ωX
Ş
Xω. We note that Asadollahi and Salarian [AS] already introduced the notion of
ξ-Gorenstein objects in triangulated categories through relative homological algebra for trian-
gulated algebras developed by Beligiannis [Be2].
Let C,D be two subcategories of T . A homomorphism f : C Ñ D with C P C and D P D
is said to be a right C-approximation (or a C-precover) of D if HomT pC
1, fq is surjective for
any C 1 P C. Dually, a homomorphism g : C Ñ D with C P C and D P D is said to be a left
D-approximation (or a D-preenvelope) of C if HomT pg,D
1q is surjective for any D1 P D.
We now recall the notion of D-mutation pairs introduced by Iyama and Yoshino [IYo]. Let
U ,V,D be two subcategories of T . Assume that D satisfies that HomT pD,Dr1sq “ 0. Following
[IYo], we define µ´1pU ;Dq to be the class of objects T such that there is a triangle U
f
Ñ
D Ñ T Ñ for some U P U and f is a left D-approximation. Dually, we define µpV;Dq to
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be the class of objects T such that there is a triangle T Ñ D
g
Ñ V Ñ for some V P V and
g a right D-approximation. The pair pU ,Vq is a D-mutation pair if D Ď U Ď µpV;Dq and
D Ď V Ď µ´1pU ;Dq. Note that pU ,Vq is a D-mutation pair if and only if D Ď U
Ş
V and both
U “ µpV;Dq and V “ µ´1pU ;Dq hold, by [IYo, Proposition 2.6].
Let D Ď C be subcategories in T . Following [IYo], we denote by rDs the ideal of homomor-
phisms in C which factors through objects in D. The stable category of C by D is the quotient
category C{rDs, for which objects are the same as C, but homomorphisms are homomorphisms
in C modulo those in rDs.
Proposition 2.5 Let ω be semi-selforthogonal. Let D “ addω. Then
p1q Gω is closed under extensions and direct summands and finite direct sums.
p2q The pair pGω,Gωq is a D-mutation pair.
p3q The stable category Gω :“ Gω{rDs is a triangulated category.
p4q For any integer i, Gωris is naturally triangle equivalent to Gω.
Proof. (1) By Lemma 2.2 (1).
(2) Take any G P Gω. Since Gω Ď Xω, there is a triangle G Ñ M0
g
Ñ G1 Ñ with M0 P D
and G1 P Xω, by the definition. Note that G P ωXω
K, so it is easy to see that g is a right
D-approximation. Moreover, since M0 P D Ď ωX and ωX is coresolving by Lemma 2.2 (2), we
have that G1 P ωX too. It follows that G1 P Gω. Thus, Gω Ď µpGω;Dq by the definition.
Dually, one can also prove that Gω Ď µ
´1pGω;Dq. Since D Ď Gω, we obtain that pGω,Gωq is
a D-mutation pair.
(3) By [IYo, Section 4].
(4) Obviously. l
Recall that, for a triangulated subcategory B Ď T , the Verdier’s quotient triangulated cat-
egory T {B is well-defined and there is a canonical functor Q : T Ñ T {B with the universal
property that any functor G from T to another category A with GpBq “ 0 actually factors
through the functor Q.
Following the idea in [C], we call T {B the relative singularity category of T with respect to
ω, denoted by Tω, in case B “ xaddωy for a semi-selforthogonal subcategory ω in T .
The following lemma will be needed in the proof of our main theorem.
Lemma 2.6 Let ω Ď T be semi-selforthogonal. Let D “ addω. Then
p1q Both HomT p~addω, ωX q and HomT pXω,zaddωq are contained in rDs.
p2q Gω
Ş
xDy “ D.
Proof. (1) Take any f P HomT pX,Y q, where X P ~addω and Y P ωX . For X P ~addω, there is
a triangle X
h
Ñ MX Ñ X
1 Ñ with MX P addω and X
1 P ~addω. Since HomT pX 1r´1s, Y q “ 0
following from the fact that HomT p~addω, ωX r1sq “ 0, we have that f factors through MX and
hence f P raddωs. The remained part can be proved dually.
(2) By [W2, Lemma 2.1 and Corollary 2.6]. l
We now present our main result as follows. Interesting applications will be given in next
section.
Theorem 2.7 Let T be a triangulated category and ω Ď T be semi-selforthogonal. Let D “
addω and Gω “ ωX
Ş
Xω. Assume that xXω “ T “ |ωX . Then there is a triangle equivalence
between the stable category Gω and the relative singularity category Tω.
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Proof. We firstly construct a functor F : Tω Ñ Gω and then prove that it induces the desired
triangle equivalence.
Step 1. Constructing the functor F : Tω Ñ Gω.
Take any T, T 1 P T and f P HomT pT, T
1q. Since T “ |ωX , there are triangles UT Ñ VT Ñ
T Ñ and UT 1 Ñ VT 1 Ñ T
1 Ñ with UT , UT 1 P ωX and VT , VT 1 P ~addω, by Lemma 2.2 (3). Note
that HomT p~addω, ωX r1sq “ 0, the homomorphism f induces a homomorphism fV : VT Ñ VT 1
and consequently induces a homomorphism fU : UT Ñ UT 1 , such that the following diagram is
commutative.
UT ✲
u
VT ✲
v
T ✲
❄
fU
❄
fV
❄
f
UT 1 ✲
u1 VT 1 ✲
v1
T 1 ✲
Since xXω “ T too, for UT , UT 1 , there are triangles XUT Ñ Y UT Ñ UT Ñ and XUT 1 Ñ
Y UT 1 Ñ UT 1 Ñ with Y
U
T , Y
U
T 1 P Xω and X
U
T ,X
U
T 1 P
zaddω, by Lemma 2.2 (4). Note also that
HomT pXω,zaddωr1sq “ 0, so there is the following commutative diagram of triangles.
XUT
✲x Y UT
✲y UT ✲
❄
fUX
❄
fUY
❄
fU
XUT 1
✲x
1
Y UT 1
✲y
1
UT 1 ✲
Since zaddω Ď ωX and ωX is extension-closed, we see that Y UT , Y UT 1 P ωX from the above
triangles. It follows that Y UT , Y
U
T 1 P Gω “ ωX
Ş
Xω.
We now show that SpfUY q is unique only depending on the homomorphism f , where S : Gω Ñ
Gω :“ Gω{rDs is the canonical stabilize functor. Clearly, it is enough to prove that Spf
U
Y q “ 0 in
Gω whenever f “ 0, that is, it is enough to prove that Spf
U
Y q P rDs.
Note that we have the following commutative diagram of triangles.
T r´1s ✲t UT ✲
u
VT ✲
v
T ✲
❄
0
❄
fU
❄
fV
✟✟✟✟✙
θ
❄
0
T 1r´1s ✲t
1
UT 1 ✲
u1 VT 1 ✲
v1
T 1 ✲
Since tfU “ 0, we obtain a homomorphism θ : VT Ñ UT 1 such that f
U “ uθ. Now we
consider the following commutative diagram
XUT
✲x Y UT
✲y UT ✲
❄
fUX
❄
fUY
❄
fU
❅
❅❘
u
VT
 
 ✠θ
✘✘✘✘✘✘✘✾
ρ
XUT 1
✲x
1
Y UT 1
✲y
1
UT 1 ✲
h
XUT 1r1s
✲
Since HomT p~addω,zaddωr1sq “ 0, so θh “ 0 and then there is ρ P HomT pVT , Y UT 1 q such that
ρy1 “ θ. It follows that fUY y
1 “ yfU “ yuθ “ yuρy1. Thus we have that pfUY ´ yuρqy
1 “ 0.
Hence there is δ : Y UT Ñ X
U
T 1 such that f
U
Y ´ yuρ “ δx
1. It follows that fUY “ ´yuρ` δx
1. But
ρ, δ P rDs by Lemma 2.6, it follows that fUY P rDs too.
Following from the above arguments, one can easily deduce that there is a well-defined functor
F : T Ñ Gω, by setting F pT q “ SpYT q for T P T and F pfq “ Spf
U
Y q for f P HomT pT, T
1q.
We claim that F pT q “ 0 for any T P xDy and hence F factors through Tω. The induced
functor will still be denoted by F .
In fact, since both~addω andzaddω are contained in xDy and xDy is a triangulated subcategory,
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it follows from the above construction of F pT q that Y UT P Gω
Ş
xDy, in case T P xDy. But
Gω
Ş
xDy “ D by Lemma 2.6. So we have that F pT q “ SpY UT q “ 0 in Gω.
Step 2. F is a triangle functor.
Let T Ñ T 1 Ñ T 2 Ñ be a triangle in T . By Lemma 2.3, we have a triangle Y UT Ñ Y
U
T 1 Ñ
Y UT 2 Ñ in Gω. It further induces a triangle SpY
U
T q Ñ SpY
U
T 1 q Ñ SpY
U
T 2q Ñ in Gω [IYo]. So we
obtain that the functor F induces a triangle F pT q Ñ F pT 1q Ñ F pT 2q Ñ by the definition.
Step 3. F is dense, full and faithful, so that F induces an equivalence.
For any object G P Gω, we can assume that G P Gω Ď T by the definition. Then it is easy to
see that F pGq “ G from Step 1. So that F is dense.
For any T P T , we see that T » Y UT in Tω from triangles UT Ñ VT Ñ T Ñ and X
U
T Ñ
Y UT Ñ UT Ñ in Step 1, since that VT P
~addω, XUT P zaddω and that both ~addω and zaddω
are contained in xDy. It follows that HomTωpT, T
1q » HomTωpY
U
T , Y
U
T 1 q, for any T, T
1 P Tω.
Now take any f P HomGωpF pT q, F pT
1qq “ HomGωpSpY
U
T q, SpY
U
T 1 qq, then we see that there is a
f P HomT pY
U
T , Y
U
T 1 q such that Spfq “ f by the definition. Set g “ Qpfq, where Q : T Ñ Tω
is the canonical functor. Then we may assume that g P HomTωpT, T
1q by the above arguments.
Note that F pgq “ f , so we have that F is full.
To prove that F is faithful, it is enough to show that F is faithful on objects by [KZ, Page
45], since F is a full triangle functor. Now let F pT q “ 0 in Gω. Then we have that Y
U
T P D by
the definition of F in Step 1. But it indicates that T P xDy from triangles in Step 1. It follows
that T » 0 in Tω. Hence, F is faithful. l
We thank Dong Yang for communicating us the following result [IYa, Theorem 4.7] which
was recently obtained by Iyama and Yang. Note that the notion of presilting subcategories in
their paper is just the notion of semi-selforthogonal subcategories in our sense.
Corollary 2.8 Let ω Ď T be semi-selforthogonal. Assume that (P1) ω is functorially finite in
T and (P2) for any X P T , HomT pX,ωrisq “ 0 “ HomT pω,Xrisq for i " 0. Then there is a
triangle equivalence between Kω
Ş
ωK and relative singularity category Tω.
Proof. We will prove that pP1q implies ωK “ ωX and
Kω “ Xω, and that together with (P2)
implies that T “ xωX y “ xXωy. So the conclusion follows from Theorem 2.7.
Indeed, take any X P ωK and set X0 :“ X. Since ω is functorially finite, there is a homo-
morphism f0 : M0 Ñ X with M0 P addω such that HomT pω, f0q is surjective. So f0 induces a
triangle X1 ÑM0 Ñ X0 Ñ with X1 P ω
K. Repeating the process to X1, and so on, we see that
X “ X0 P ωX actually by the definition. Dually, one also has that
Kω “ Xω.
Take any X P T , then there is some integer nX such that HomT pX,ωrisq “ 0, for all i ą nX ,
by the condition (P2). If nX ď 0, then we obtain that X P
Kω. If nX ą 0, then we obtain
that Xr´nX s P
Kω. In both cases, we have that X P xKωy “ xXωy by the above arguments. It
follows that T “ xXωy. Similarly, one can also obtain that T “ xωX y. l
Remark 2.9 Note that for a ring R, the semi-selorthogonal subcategory Proj “ AddR is usually
not covariantly finite (hence not funtorially finite) in ModR, unless it is product-complete which
means that any product of projective modules is a direct summand of some direct sum of projective
(and hence also projective) [RS]. It only happens when R is right perfect.
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3 Applications
Let R be a ring. As usual, we denote by ModR (modR, Proj, Inj, P, resp.) the category
of all (finitely presented, projective, injective, finitely generated projective, resp.) R-modules.
And we denote by DbpModRq the derived category of complexes over ModR and by KbpProjq
(KbpPq, resp.) the homotopy category of complexes over Proj (P, resp.). If R is left coherent,
then the category modR is an abelian category and we denote by DbpRq the derived category of
complexes over modR. By identifying an R-module M with the complex with terms M in 0-th
position and 0 otherwise, we view ModR as a full subcategory of DbpModRq. For a complex
M P DbpModRq, we denote by AddM the subcategory of all direct summands of direct sums of
M . Thus, Proj “ AddR. Clearly, we also have that P “ addR.
Recall from [EJ] that an R-module X is (finitely generated) Gorenstein projective provided
that there is an infinite exact sequence ¨ ¨ ¨ Ñ P´1 Ñ P0
f
Ñ P1 Ñ ¨ ¨ ¨ of (finitely generated)
projective modules such that X » Kerf and the sequence induced by the functor HomRp´, P q is
also exact for any projective module P . Dually, an R-module X is Gorenstein injective provided
that there is an infinite exact sequence ¨ ¨ ¨ Ñ I´1 Ñ I0
f
Ñ I1 Ñ ¨ ¨ ¨ of injective modules
such that X » Kerf and the sequence induced by the functor HomRpI,´q is also exact for
any injective module I. The subcategories of (finitely generated) Gorenstein projective and
Gorenstein injective modules, respectively, are denoted by GP (Gp) and GI respectively.
Note that every module has a Gorenstein projective resolution and a Gorenstein injective
resolution and that Gorenstein projective dimensions of modules are well-defined, as well as
Gorenstein injective dimensions of modules. Moreover, the supersum of all Gorenstein projective
dimensions of modules coincides with the supersum of all Gorenstein injective dimensions of
modules, which is called the Gorenstein global dimension of the ring [Be1,BM].
An important class of rings with finite Gorenstein global dimension are Gorenstein rings, that
is, left and right noetherian rings with finite left and right self-injective dimensions. However,
there are also non-noetherian rings with finite Gorenstein global dimension, as shown by the
following example in [MT], where the ring R ’ E is defined for a ideal E of the ring R to be
a subring of R ˆ R with the multiplicative structure given by pr, eqps, fq :“ prs, rf ` se` efq,
where r, s P R and e, f P E.
Example 3.1 Let n ą 0 be an integer and let Rn “ RrX1,X2, ¨ ¨ ¨ ,Xns be the polynomial ring in
n indeterminates over a commutative non-noetherian hereditary ring R. Let Sn :“ Rn ’ RnX1.
Then Sn is a non-noetherian coherent ring with Gorenstein global dimension n` 1.
We note that rings of finite Gorenstein global dimension were called Gorenstein rings in
[Be1]. To distinguish with the usual Gorenstein rings (i.e., rings with two-sided noetherian
and two-sided finite self-injective dimension), we reserve the name of rings of Gorenstein global
dimension.
Over a ring of finite Gorenstein global dimension, we have the following characterizations of
Gorenstein projective modules and Gorenstein injective modules, see [EJ, BM].
Lemma 3.2 Let R be a ring of finite Gorenstein global dimension. Then GP “ KerExtią0R p´,Projq
and GI “ KerExtią0R pInj,´q. Moreover, if R is left coherent, then it also holds that Gp “
GP
Ş
modR “ KerExtią0R p´, Rq
Ş
modR.
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We have the following result which describes the subcategory Gω in derived categories over
rings of finite Gorenstein global dimension, in case ω “ Proj, Inj, P, respectively.
Lemma 3.3 Let R be a ring of finite Gorenstein global dimension. Then GP “ GProj and
GI “ GInj, considered in D
bpModRq. Moreover, if R is also a left coherent ring, then it also
holds that Gp “ GR, considered in D
bpRq.
Proof. We prove the last part. The first and second parts can be proved in a similar way and
in a dual way, respectively.
The part Gp Ď GR is clear. On the other hand, take a complex X P GR. Then X P
RX Ď R
K and X P DbpRq » K´,bpPq, so there is an R-module Xn and finitely generated
projective modules Pi, 0 ď i ď n, such that there are triangles Xi
fiÑ Pi Ñ Xi´1 Ñ for
1 ď i ď n, where X0 :“ X. Since X P GR Ď
KR too, we easily obtain that each Xi P
KR. In particular, we have that Xn P
KR
Ş
modR “ KerExtią0R p´, Rq
Ş
modR “ Gp. It
follows that there is a monomorphism f : Xn Ñ Q for some projective R-module Q, by the
definition. But HomRpfn, Qq » HomDpfn, Qq is epic, so that f factors through fn. Then fn P
HomDpXn, Qq » HomRpXn, Qq is also a monomorphism of R-modules. Thus we have an exact
sequence 0 Ñ Xn
fn
Ñ Pn Ñ Cokfn Ñ 0 which further gives a triangle Xn
fn
Ñ Pn Ñ Cokfn Ñ.
Since Xn
fn
Ñ Pn Ñ Xn´1 Ñ is also a triangle, we obtain that Xn´1 » Cokfn is an R-module.
Repeating the process to Xn´1, and so on, we finally obtain that X P modR. It follows that
X P KR
Ş
modR “ KerExtią0R p´, Rq
Ş
modR “ Gp. l
Recall that the big singularity category DSgpRq “ D
bpModRq{KbpProjq and the singularity
category DsgpRq “ D
bpRq{KbpPq. Note that KbpProjq “ xProjy and KbpPq “ xPy “ xRy.
As a corollary of Theorem 2.7, we have the following results. Note that (1) is a theorem of
Beligiannis [Be1] and that (2) extends the classical result to coherent rings, see [Be1, Bu, C, R2]
etc.
Corollary 3.4 p1q Let R be a ring of finite Gorenstein global dimension. Then there are triangle
equivalences between GP , GI and the big singularity category DSgpRq.
p2q Let R be a left coherent ring of finite Gorenstein global dimension. Then there is a
triangle equivalence between Gp and the singularity category DsgpRq.
Proof. (1) Since R has finite Gorenstein global dimension, the class of modules of finite pro-
jective dimension coincides with the class of modules of finite injective dimension, see [BM]. So
that xProjy “ xInjy in DbpModRq.
Let ω “ Proj and T “ DbpModRq. Then Tω “ DSgpRq. By Lemma 3.3, we have that
Gω “ GP . Since every R-module has finite Gorenstein projective dimension, we obtain that
ModR Ď xGP y. So we have that DbpModRq “ xGP y. Note that GP “ Gω “ ωX
Ş
Xω Ď
DbpModRq, these imply that DbpModRq “ xωX y “ xXωy. Combining with Lemma 2.1, we see
that Theorem 2.7 applies and then we obtain that GP is triangle equivalent to the big singularity
category DSgpRq.
Similarly, we have that GI is also triangle equivalent to the big singularity category DSgpRq.
(2) The proof of (1) restricts to DbpRq well in the settings. l
Let T be a triangulated category and ω Ď T . Recall that ω is silting if ω is semi-selforthogonal
and xaddωy “ T [AI]. Let R be a ring. A complex M in DbpRq (DbpModRq, resp.) is called
11
silting (big silting, resp.) if ω “ addM (ω “ AddM , resp.) is silting in KbpPq (KbpProjq, resp.)
[W2]. Clearly, silting complexes are always big silting.
We note that, up to shifts, a complex M over a ring R is big silting if and only if (1)
M P{AddR, (2) M is coproduct-semi-selforthogonal, and (3) R P ­AddM [W2].
The following lemma is useful.
Lemma 3.5 Let T be a triangulated category and let U ,V Ď T be both semi-selforthogonal. If
U Ď XV and
KU Ď KV, then XU Ď XV .
Proof. Take any T P XU , then there are triangles Ti Ñ Ui Ñ Ti`1 Ñ for all i ě 0, such
that T0 :“ T , Ui P addU and Ti P
KU , for each i ě 0. Note that U Ď XV , so we have all
Ui P addU Ď XV by Lemma 2.2 (1). Thus, for each i, we have triangles 6j : U
j
i Ñ V
j
i Ñ U
j`1
i Ñ
for all j ě 0, such that U0i :“ Ui, V
j
i P addV and U
j
i P
KV, for each j ě 0.
Consider firstly i “ 0. Note that we have the following induced commutative diagram of
triangles, for some T 10 .
❄ ❄
U10 U
1
0
❄ ❄
T0 ✲ V 00
✲ T 10
✲
❄ ❄
T0 ✲ U0 ✲ T1 ✲
Denote by ∇0 the triangle T0 Ñ V
0
0 Ñ T
1
0 Ñ in the middle row and by 71 the triangle
T1 Ñ T
1
0 Ñ U
1
0 Ñ in the right column in the above diagram. Since T1 P
KU Ď KV and U10 P
KV,
we obtain that T 10 P
KV. Similarly as the triangle ∇0 for T0, we see that, for T1, there is also a
triangle :1 : T1 Ñ V
0
1 Ñ T
1
1 Ñ with T
1
1 P
KV .
Three triangles :1, 71, 61 induce the following commutative diagram of triangles with V
1
T “
V 01 ‘ V
1
0 , for some T
2
0 , since U
1
0 P
KV.
❄ ❄ ❄
U10
✲ V 10
✲ U20
✲
❄ ❄ ❄
T 10
✲ V 1T
✲ T 20
✲
❄ ❄ ❄
T1 ✲ V 01
✲ T 11
✲
Thus, we obtain triangles ∇1 : T
1
0 Ñ V
1
T Ñ T
2
0 Ñ for T
1
0 and 72 : T
1
1 Ñ T
2
0 Ñ U
2
0 Ñ for T
1
1 .
It is easy to see that T 20 P
KV, since T 11 , U
2
0 P
KV. Similarly as ∇1 for T
1
0 , there is a triangle
:2 : T
1
1 Ñ V
1
T 1 Ñ T
2
1 Ñ for some V
1
T 1 P addV and T
2
1 P
KV, for T 11 .
Repeating the above progress to triangles :2, 72, 62, and so on, we finally obtain triangles
∇j : T
j
0 Ñ V
j
T Ñ T
j`1
0 Ñ for all j ě 0, where T
0
0 :“ T , V
0
T :“ V
0
0 , such that V
j
T P addV and
T
j
0 P
KV, for each j ą 0. Hence, we conclude that T P XV by the definition. l
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Corollary 3.6 p1q Let R be a ring of finite Gorenstein global dimension and let M be a big
silting complex in DbpModRq. Then there is a triangle equivalence between GAddM and the big
singularity category DSgpRq.
p2q Let R be a left coherent ring of finite Gorenstein global dimension and let M be a silting
complex in DbpRq. Then there is a triangle equivalence between GM and the singularity category
DsgpRq.
Proof. (1) Let T :“ DbpModRq and ω :“ AddM . Since M is big silting, xωy “ xAddMy “
KbpProjq. Hence, Tω “ DSgpRq by the involved definitions. By Theorem 2.7 and Lemma 2.1,
we need only to show that DbpModRq “ xXωy “ xωX y.
Take any X P DbpModRq » K´,bpProjq. Since M P KbpProjq, there is some integer n ą 0
such that Xrns P MK. But MK “ AddMX by [W2, Lemma 3.11]. It follows that X P ­AddMX
from the fact 0 P AddMX and triangles Xris Ñ 0Ñ Xri`1s Ñ for all i ě 0. So we easily obtain
that DbpModRq “ ­AddMX “ xωX y.
By Proposition 2.5 (4), we may assume that M P RK. In this case, we have that M P{AddR
and R P ­AddM , since M is silting [W2, Theorem 3.5]. It follows that KpProjq “ KpAddRq Ď
KpAddMq and Proj “ AddR Ď ­AddM Ď XAddM . Hence, Lemma 3.5 applies and we have that
XProj Ď XAddM . SinceR has finite Gorenstein global dimension, we have thatD
bpModRq “ xGP y
as the arguments in the proof of Corollary 3.4 (1). The above arguments together with the fact
GP Ď XProj implies that D
bpModRq “ xGP y Ď xXProjy Ď xXAddMy Ď D
bpModRq. It follows that
DbpModRq “ xXAddMy.
(2) The arguments in the proof of (1) can be well restricted to DbpRq in case R is left
coherent. l
We end the paper with the following example.
Example 3.9 Let R be the path algebra given by the quiver 1 ÝÑÐÝ 2 with radical square zero.
Then R is a self-injective algebra without nontrivial tilting complexes. By [R2], the singularity
category DsgpRq is triangle equivalent to the stable category modR. The indecomposable objects
in modR are t1, 2u (up to isomorphisms). LetM be the two-terms silting complex
2
1
Ñ
1
2
with
1
2
in the 0-th position. The indecomposable objects in GM are t1, 1r1su (up to isomorphisms).
By Theorem 2.7, there is a triangle equivalence between DsgpRq and GM . Indeed, we have that
F p1q “ 1 and F p2q “ 1r1s.
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